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GLOSSARY

Ac0 2  chamber CO2 partial pressure difference between values at the

beginning and end of a no-ventilation - ventilation cycle

Acoi chamber CO 2 partial pressure difference between value at the beginning

of a series of no-ventilation - ventilation cycles and the value at the end
of cycle i

APco2 (t,)i change in chamber C0 2 partial pressure during ventilation in no-
ventilation - ventilation cycle i

F CO 2 scrubber efficiency factor

i cycle number in a series of no-ventilation - ventilation cycles

k ventilation time constant with chamber (or scrubber, depending on
context) volumetric ventilation rate at standard temperature and pressure
(STP)

kA ventilation time constant with chamber (or scrubber, depending on
context) volumetric ventilation rate at chamber temperature and pressure

nco2  chamber CO 2 content, moles

ng number of moles of gas species g

nT chamber gas content, moles

h C02 molar rate of change of chamber CO2 content

h C02,i, molar rate of CO 2 input to chamber via input ventilation

0c02 ,met molar rate of CO 2 input to chamber via metabolism

hCO2,scrub molar rate of CO2 removal from chamber via scrubbing

hc02,out molar rate of CO2 removal from chamber via exhaust ventilation

fig,met molar production or consumption rate of gas species g by metabolism

ii



fg,scrub molar consumption rate of gas species g by scrubbing

hO2 ,met molar rate of metabolic 02 consumption

iT,in total molar rate of chamber input ventilation

nT,o.t total molar rate of chamber exhaust ventilation

Pch chamber pressure

SPcoI chamber C0 2 partial pressure

Spoo initial chamber C0 2 partial pressure

Pco2,,.., C0 2 partial pressure in input ventilation gas

Pco, (t,,,)i chamber C0 2 partial pressure at end of no-ventilation period in chamber
no-ventilation - ventilation cycle i

PCO2 (tv)i chamber C0 2 partial pressure at end of ventilation period in chamber no-
ventilation - ventilation cycle i

Pco, (cc) steady-state C0 2 partial pressure in a continuously ventilated chamber

Pý. pressure of exhaust ventilation gas

Pi. pressure of input ventilation gas

Ps standard pressure

Q (l-q); remaining fraction of total response

q fraction of total response

R gas constant

RQ respiratory quotient; ratio of C0 2 produced to 02 consumed

T~h chamber temperature

Ts standard temperature

iii



t time

t- infinite time

t1/2 half-time

tn, chamber no-ventilation time

(tnvi no-ventilation time in chamber no-ventilation - ventilation cycle i

tq time for q response

tv chamber ventilation time

tV.,,/ chamber ventilation half-time

(tA ventilation time in chamber no-ventilation - ventilation cycle i

Vch chamber volume

VCo 2 ,in rate of C02 input via ventilation at chamber temperature and pressure

VcoC,in,STP rate of C02 input via ventilation at standard temperature and pressure

VCo 2,scrub,sTP rate of C0 2 uptake via scrubbing at standard temperature and pressure

fvin overall input ventilation rate at chamber temperature and pressure

v•n,STP overall input ventilation rate at standard temperature and pressure

Vvin,scr overall 002 scrubber input ventilation rate at chamber temperature and

pressure

VCO2,met metabolic C02 production rate at chamber temperature and pressure

VCo 2 ,metSTP metabolic C02 production rate at standard temperature and pressure

Vco 2,out 002 exhaust rate via ventilation at chamber temperature and pressure

V6co 2 ,out,STP C02 exhaust rate via ventilation at standard temperature and pressure

iv



overall exhaust rate at chamber temperature and pressure

feSTP overall exhaust rate at standard temperature and pressure

0,smet metabolic 02 consumption rate at chamber temperature and pressure

Vo2,metSTP metabolic 02 consumption rate at standard temperature and pressure

Xco2 C0 2 mole fraction

V
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1. INTRODUCTION

Maintenance of atmospheric carbon dioxide (CO 2) concentrations within physiologically acceptable
limits is critical to the safe operation of hyperbaric chambers and manned diving systems.
Quantitative understanding of CO2 accumulation in such systems is required to specify minimum
ventilation rates and CO2 scrubbing capacities, but existing theoretical treatments that we could find
in the literature are few and incomplete. For example, Nuckols et al.' present an equation giving the
time course of CO 2 partial pressure (Pc02) change in a continuously ventilated chamber, but the

equation is valid only if the net respiratory quotient (RQ) of all chamber occupants is unity and the
initial Pco, is zero. The latter constraint precludes consideration of the maximum chamber Pco2

attained during realistic intermittent ventilation scenarios. In this report we present a more general
solution to the problem with expressions for computing the maximum chamber Pco2 attained during

intermittent ventilation, and for estimating the time course of CO2 accumulation in chambers with
an internal scrubber that continuously removes COE.

2. THEORY

2.1. Basic Equations

If we assume that all gas in the problem is ideal, the total chamber gas content in moles is

nT = Pch (1)
RTch

where P,,h is chamber pressure, Vch is chamber volume, Tch is chamber temperature, and R is the gas
constant. The chamber CO 2 content is

X C02 Pch Vch (2)
rCO2 XCO2  RTh

where X C2 is the CO2 mole fraction in the chamber. The CO2 partial volume Vco2 and partial

pressure Pco2 in the chamber are then obtained from Dalton's Law -

VCo2 = Xco Vh (3.a)

and

Pco2 = X c 2 Pch (3.b)

- and are substituted into Eq. (2) to yield, respectively:



=PC°2 (4.a)
RTch

and

VchPc02 (4.b)
RTch

We express Vco2 at standard temperature and pressure (STP), Ts and Ps, respectively:

VCO2,STP = PJhTs VC0 2 . (5)PS Tch

We then substitute Eq. (5) into Eq. (4.a) to yield

nCO2 = RTs (4.c)

The rate of change of chamber CO2 content is obtained by differentiating Eq. (4.b) at constant
chamber temperature and volume to obtain

(nco ) _ v~h (Pco 2  _ Vch'ico2  (6.a)
S-t )-n RTch ,t RTch

or by differentiating Eq. (4.c) to obtain

C dnco2 " Ps dVcO2,STP PSVCo2 ,STP (6.b)
dt RTs dt ) RTs

Finally, mass balance requires that the change in chamber CO2 content be equal to the sum of
changes from the chamber input and exhaust ventilation, the amount of metabolic CO 2 produced by
the occupants, and the amount of CO2 scrubbed by chemical means in the chamber:

iCO 2 = iIC02 ,in + lCO0met - iICO2,scrub - iCOo2,ut (7)

-dnt C2 Using Eq. (6.b), Eq. (7) becomeswhere h C02 d,,t "

(CO2 ,STP = (CO2 ,in,STP + VCO2 ,met,STP - (CO2,scrub,STP - VC02,out,STP, (8)

where J(C02,met,STP is the standard rate of metabolic CO2 production by the chamber occupants. All

quantities on the right of Eq. (8), except VCo 2,scrub,STP when ýCo 2,scrub,STP > 0, are assumed to be
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constant under each set of conditions considered in this analysis. The assumption of constant
VCO2,met,STP requires a sufficiently high chamber Po, to sustain the assumed V6co 2,met,STP"

2.2. CO2 Accumulation in a Nonventilated Constant Temperature Chamber

With no CO2 flow into the chamber, no gas exhausted from the chamber, and no CO2 scrubbing, the
standard partial CO 2 volume in the chamber changes at a rate equal to J'C02,met,STP:

VCOQSTP = rcomet,STP. (9)

Equation (9) is substituted into Eq. (6.b) to obtain

Cdnco2 I _ PSTVCO"metSTP (10 )

dt j RTs

Equations (10) and (6.a) are then combined to obtain

Vh (r•Pc0 2  PSVCO2 ,met,STP (11)

RT~h Fat jTh R TS

which is rearranged to yield

aPco2 ) TchPSVcO2 'metSTP (12)
at TSVCh

The Pco2 at time t in a no-ventilation period between t 0 and t = t,, is given by integrating Eq. (12):

TchPSVCO2 ,met,STP t+ (13)

PCO2 (t) TsVch PCO2

where Pco2 (t) is the Pco2 at 0:< t•< t,,, and Pgoý is the initial Pco2 at t = 0.

2.3. CO2 Accumulation/Washout in a Continuously Ventilated Constant Temperature Chamber

The rate of change in CO 2 content of a continuously ventilated constant temperature chamber with
no scrubbing is obtained in terms of the CO2 partial pressure from Eqs. (6.a) and (6.b), and the mass
balance equation, Eq. (8), with VCO2,scrub,STP = 0 :

3



(at c2  S (JTS CO2,met'STP + VCO2 'in'STP -C0 2 ,o'°utSTP)" (14)

Under the assumption that the chamber is well stirred, we then have that

• • Pco2 _.
Vco2,out,STP = X Co2 Vvex,STP = V Ie.,STP (15)

where VVCX,sTP is the ventilation exhaust rate at STP, and Eq. (3.b) has been used to express the mole

fraction of chamber CO2 in terms of the chamber Pco, and total pressure. Substitution of Eq. (15)

into Eq. (14) yields

( •C02 S = •CO2,met,STP .ýOil "C021(16

aP O2  TCh P - ý1 vex P
Fa )t Vh , + co2,in'sTP--A eSTPJ (16)

which is rearranged to obtain

PPco 2  +( TC ThPSVvexSTP)PC02 = P(ýCO2,metSTP ++Co2,inSTP) (17)
(at f Sh cc 2 = c Vh 0

Note that Eq. (17) reduces to Eq. (12) when ,vex,STP = co2,mn,sTP = 0; the conditions assumed to

derive Eq. (12) in Section 2.2. However, with constant Pch (> 0), VJeX,sTP (> 0), and Vco2,in,STP (> 0),

Eq. (17) is a linear first-order differential equation of form

y'+ ky = c (18)

with solution (see Section 3.1)

y = e'- ) C *eC, (19)

k

where

y = PCO2 (t), (20.a)

k = T.ThPS vexSTP (20.b)
, TrSPchVch

TchPS (.CO2,met,STP +•CO2 ,in,STP (20.c)
TS Vch ,tSTSP'
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and C is a constant determined from initial conditions for the problem. Cancellation of terms after
appropriate substitutions into Eq. (19) yields:

PCO2  Pch CO'mtSTP +( C0 2 ,in'STP I[1-kt] + Ce-. (21)
vex, STP

Solution of Eq. (21) at t 0 shows that C = Po2 the partial pressure of CO2 in the chamber at

time 0, so that our final result is

Pco2 (t) = Pch{Co2 ,met,STP + J"C02,in,STP}[ kt 1 o with k - TchPSVvexSTP
Svex,STP CI 2  TSPchVch (22.a)

and

PO2 (t) = PSTch {rCO2,met,STP + VýC0 2,in,STP e -kAt ]+ p0 e-kAt wh,= x " (22.b)
Tsfve - c , with kA = Vch'

where Eq. (22.b) applies when the ventilation rate is expressed as the volume flux at actual chamber
temperature and pressure, Tch and Pch.

Note that Vch is a constant with units of volume but without reference to any temperature or
pressure, while the dependence of Pco2 (t) on Pch evident in Eq. (22.a) is obscured in the units ratio,
VSTP = Pch rs

VS PS Tsh , in Eq. (22.b). In addition, maintenance of the constant Pch required by either Eq.

(22.a) or Eq. (22.b) requires a minimum constant gas bleed of ,jin = ý0V2,met (1 -RQ) into the chamber,

where RQ is the respiratory quotient (see Section 3.3). This gas bleed is insufficient to sustain any
specified JýCo 2,met indefinitely. The minimum input ventilation of 100% 02 required for this

purpose, fvin,STP = ýV02,met,STP = VrCO2,met,STP / RQ, then requires Vvex,STP > 0 to keep Pch constant (see

Section 3.3). The requirement for VveX,STp > 0 also becomes clear when we next consider the steady
state Pco2 approached at the other boundary condition on Eqs. (22.a) and (22.b): namely, that at

t = oo. Finally, if RQ = 1, maintenance of constant chamber pressure requires Výe,sTP = Vvin,sTP (see

Section 3.3), from which it follows that Jv. = J',,,. If we also set Po = 0 and express the metabolic

CO2 production rate at chamber temperature and pressure, Eq. (22.b) becomes identical to that
given by Nuckols, et al.: I

PC2 (t) =Pch VCC0 2,met + PCo2,vin " - e-kAt], with RQ = 1 and Pc°0 2 = 0; (23)
y~in

where Pco•,v,, is the CO2 partial pressure in the input ventilation gas.
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Steady-State Pco2

As t -- -o, the Pco2 in a continuously ventilated chamber approaches a steady-state value given by

the solution of Eq. (22.a) or (22.b) at t = cc:

PCO2 (oo)=Pch {GCO2,.met,STP + JýCO2,inSTP (24.a)
vwexSTP

PS Tch {I'Co2,met,STP + VCO2,in,STPI (24.b)
TrSvex

Because the chamber Pco2 can never exceed the prevailing chamber pressure, the ratio

{KCO2 ,met,STP + VCO2 ,in,STP I/lVex,STP can never exceed unity, and •rvex,STP >- {K0C0 2 ,met,STP + JCO2 ,in,STP I. At

the smallest value of ý,V.,sTP for which Eq. (24.a) remains applicable, or the smallest value of Vvex

for which Eq. (24.b) remains applicable, the steady-state chamber Pco2 is simply the chamber

pressure, Ph. The latter result is a consequence of the well-stirred assumption, which applies to the
metabolic processes in the chamber as well as to the chamber gases. At minimum JeY the

accompanying minimum 02 influx, Jv. 0(100% 02) = ý02.,met (see Section 3.3) is instantaneously mixed

and metabolized to CO2 so that no 02 remains.

Ventilation Half-Time

The ventilation half-time tv,11 2 for approach to the steady state given by Eq. (24.a.) or Eq. (24.b.) is

(see Section 3.2)

_V11 ln(2) = 0.693.- TSPchVch (25.a)

= n(2__) = 0.693. - h (25.b)
k A fý1ex

The ventilation half-time increases with chamber volume and decreases with increasing ventilation
rate at the prevailing chamber pressure and temperature.

6



2.4. CO2 Accumulation/Washout in an Intermittently Ventilated Constant Temperature Chamber

The Pco, at the end of the no-ventilation period between t =0 and t = t& in a no-ventilation -

ventilation cycle is given by Eq. (13), with PC0o2 equal to the chamber Pco2 at the beginning of the

cycle:

TcMPSVCO2 ,met,STP + pO (26)
Pco2 (t"v) TSVch + C02

The Pco, at the end of the subsequent ventilation period of duration t, is given by Eq. (22.a), with Pco2
at the beginning of the ventilation period given by Eq. (26):

vPch CO2 ,met,STP + C 1 1t- TchPSVýCO2 ,metSTP (27
vex=ST[ - TS-Vw ]C tnv +P0 e- (27)

PC V,tsnP TS +ch C02 ).

The difference between the end-cycle Pco2 at t = tnv + tv and the initial Pco2 at t = 0 is

AC02 = PCO2 (tv )-PO2 (28)

Equation (27) is substituted into Eq. (28) to yield

Pch { CO2,metSTP + VCO2,'in'STP[1-e-ktv ]+ (TchPSýCO2,metSTP tnv +PCo 2 e-ktv - (29)Aco2 -[~Vjit~ P "v~
Tý,,SPTS Vch PC (2 9

which is rearranged to obtain

A- chf{VCO2,met,STP + VCO2 ,i,STP [- }kt 1+ (TchPSVC0 2 1metSTP 'n e-ktv (30)
C2 =TVex-,STP PCc 2 jTS~kv + 'Vch

2.4.1. "Large ktv" No-Ventilation - Ventilation Steady State

If ktv is sufficiently large to assume attainment of end-ventilation steady state, then e-lv -4 0 and
Eq. (30) is reduced to

Pch {fCO 2,met,STP + VCO 2,.in,STPI } o (31.a)CO2 = Jývex, STP 2

With substitution of Eq. (24.a), this becomes
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Aco, = Pco (-) - 'go2 . (31 .b)

Note that Aco2 is independent of Pco2 at the end of the no-ventilation period. The latter Pco2 , given

by Eq. (26), will be the maximum chamber PCo 2 in the no-ventilation - ventilation cycle only with

sufficiently high v,,ex during the ventilation period. If ventilation is just sufficient to return chamber
PcoC to its initial value, then ACO2 = 0 and successive no-ventilation - ventilation cycles are in a

steady state, for which Eq. (31 .a) and (31 .b) are combined to obtain

Co P Co2 = C Ph VC2,met,STP +rVCC2,inSTP (32)
vex,STP

Moreover, if the chamber Pco2 is not returned to its initial value at the end of the first cycle

(Aco 2 * 0), a steady state in which the right side of Eq. (32) holds is still achieved in subsequent

cycles because they all begin and end with chamber Pco2 equal to Pco2 (.). The large ktv steady state

achieved in either case has minimum chamber Pco2 equal to PcO2 (.) which, like A co2, is

independent of the Pco2 at the end of the no-ventilation periods. Thus, t, and t,,. are specified for

such steady-state cycles at given chamber pressure after specification of desired Pco2 maxima and

minima in the cycles, and with given values of J"CO2 ,met,STP and ventilation gas composition.

Eqs. (25.a) and (32) are used to specify t, in terms of a number of ventilation half-times sufficient to
meet the end-ventilation steady-state assumption and the ventilation rate required to maintain the
specified P&, . Equation (26.a) or Eq. (26.b) is then used to specify t,, to limit the maximum Pco2 .

It follows from Eq. (22.b) that chamber volume must be replaced many times during ventilation in
order to assume attainment of end-ventilation steady state. For example, attainment of e-4v <_ 0.001
requires ýetv, >- 6.9. Vh. This requirement is met only with relatively high ventilation rates and times.
Specifically, the actual per minute ventilation rate must exceed 70% of the chamber volume for the
required ventilation time to be 10 minutes or less. If the actual per minute ventilation rate is only 10%
of the chamber volume, the ventilation time must exceed 70 minutes to attain e-kt, < 0.001.

2.4.2. "Small kt," No-Ventilation - Ventilation Steady State

If ventilation during the ventilation periods is insufficient to approximate the end-ventilation steady-
state assumption, each no-ventilation - ventilation cycle i in a series of n total cycles ends with a
A Co2 i > 0. However, the cycle-to-cycle accumulation of chamber CO2 is progressively attenuated,

because the end-ventilation steady state approached at the end of each cycle is independent of
chamber Pco2 [see Eqs. (24.a) and (24.b)].

The change in chamber Pco2 during the ith ventilation period is

8



APCO2 (tv, ) i = q"- [PC02 oo PC02 (t"v)i ]' (33)

where Pco2 (-) is given by Eq. (24.a) or Eq. (24.b), and q is the fraction of maximum possible

washout response, Pco2 (tv)g - Pco2 (cc), actually achieved during the ventilation period given by

q=1l-0.5(t/W) (34)

where t1,1 2 is the ventilation half-time given by Eq. (25.a) or Eq. (25.b) [see Table 1]. Note that
APcO2 (tv)i <0 when the ventilation rate and time are adequate to reduce chamber Pco2 during the

ventilation period. Also, q in this context has an absolute lower limit, because it depends on Pv.
[see Eqs. (24.a) and (24.b) and Eqs. (25.a) and (25.b)] and l;vex is constrained by the constant Pch
and V~co 2,met,sTp assumptions (see Section 3.3).

With P5°o2 equal to the chamber Pco2 at the beginning of the first no-ventilation period, the

chamber Pco2 at the end of the eth no-ventilation period is

PCC2 (tnv)i - FO + A C0 2 ,i1 + ZTcASVCh2 MetISTP (tnv), (35)

PC2(" CO2  TS VC

where, for i - 1, A cO2,o = 0 and, for subsequent cycles,

Aco2 .i = Pco 2 (tnv)i + APco 2 (tv)i - pC (36)

Equations (33) and (35) are substituted into Eq. (36) to obtain

A 2 ,i - A + TchPSVCo2,met.ST" (tnv )+ q . (Pc0()- PCO2 (t (37)

If PCo 2 (tnA)i > Pco2 (-), the last term in Eq. (37) consists of a constant q times a quantity that
becomes increasingly negative in successive cycles. As the number of cycles n approaches infinity
under such conditions and the condition Pco2 (tnv) < PJh holds, this term asymptotically approaches
a value equal to the amount of CO2 added during each no-ventilation period. As a result,
Aco 2,J -ýA co2,j-1 , and a different type of no-ventilation - ventilation steady state is approached, a

state for which Eq. (37) reduces to

q' [PCO (tnv)i - PCC 2 (cc)]= TchPSVCO2,metSTP (tnv). (38)

TS V~h

9



The maximum chamber Pco2 in this "small ktv" no-ventilation - ventilation steady state is the Pco2

at the end of each no-ventilation period. This Pco, is obtained for the th period by rearranging Eq.

(38) to obtain

PC2 t- CO ()+.Tch PS TýC02,met'STPI•) (39)
Pco2 (tnv)i =PCC~o)t° ( } (3TS9Vh

The minimum chamber Pco2 in this steady state is that at the end of each ventilation period and that

given by

PC02 (tv)i = PF0 2 +Ac0 2,i' (40)

an expression that, after Eqs. (33) and (36) are substituted, becomes

PCO2 (tv)i = PCO2 (tnv)i -q[Pco 2 (tn" ) - PCO2 (-o)1. (41)

An alternative expression for the maximum chamber Pco2 in this steady state is obtained by noting

that

q -Pco2 (tn,,)i - PCO2 (o)]= Pco2 (tnv)i - PCO2 (tv)i" (42)

Substituting Eq. (22.a) into Eq. (42) then yields

q.[Pco2 (tv) - FCC2 (tnc )jv)i c CC2,metSTP +-"CC2 , in-STPh -e-k + FCPco2 (tnv)i -kt, (43)

)]L vexSTP

which is substituted into Eq. (38) to obtain

TchPSIVC0 2,metSTP {V Pch IJýC0 2,met,STP + rCo-,nSTP 1
TsVCh (tnv) = Pc°2 (tnv)i -ex"STP--- CCi t-e 1+ 'c02 (tnv). e ]"' (44)

TS Yc 1vexSTP

Finally, Eq. (44) is solved for PCo 2 (tOv)i to obtain:

10



Pco2 (tnv)i = T chlTSVCh 1et ] + [LM V v2,Met,STP +vC02,f,STP (45.a)
TS ~ ~ ~ ~ ~ ~ e V[I-e-kýI ý.,STP

or, with the ventilation rate expressed as the volume flux at actual chamber temperature and
pressure,

Tch PS [J•'CO 2,met,STP (tOn) VC0 2 ,met,STP + VCO2,in,STP Y (45.b)

Pco2 (tnv i'-TS [ Vch[le-kAt,] +;. (5b

Alternatively, Eq. (44) is solved for tnv to obtain the no-ventilation time required to sustain a given
maximum chamber Pco2 with given ventilation time and V;co 2,met,STP :

tnv= TSVch [I-e-ktv] PCQ 2 (tn - PM {IJCO2,metSTP + ;CO2,inSTP , (46.a)
TchPSVCO2,met,STP L Vvex,STP

or, with the ventilation rate expressed as the volume flux at actual chamber temperature and
pressure,

= Vh [[1-e-kAt v][TsPCO2(tnv)i 'C0 2,metSTP + VCO2'in'STP }- (46.b)
t VC0 2,metSTP L TchPS vex I

2.5. CO2 Accumulation in a Continuously CO2-Scrubbed Constant Temperature Chamber

The analog of Eq. (14) to consider CO2 content in a constant-pressure chamber with an internal
scrubber that continuously removes CO2 is

aPc02 Tc PS•VC 2,et 2,in,STP - 1rc02,out,STP 1), (47)

where terms in the curly brackets denote the action of the scrubber - i.e., the change in partial
volume of CO2 in the overall ventilation of the scrubber, ,ve nt,sTp. Note that the sense of the "in"

and "out" subscripts is different from that used when chamber ventilation is considered. Here,
Vco 2 ,i,,sTP is the standard CO2 partial volume flow into the scrubber, and JVC0 2,out,STP is the standard

CO2 partial volume flow in the scrubber exhaust. The analog of Eq. (15) for these conditions is
consequently

_Pco2 .
VCO2 ,in,STP = P VinlSTP , (48)

1ch



where Vvinl,STP is the standard scrubber input ventilation rate. We then assume that the standard CO2

partial volume in the scrubber exhaust is a constant fractionf( 0: f <1) of the standard CO2 partial

volume entering the scrubber:

JCo2,outSTSTv,,s "STP (49)

Rearrangement after Eqs. (48) and (49) are substituted into Eq. (47) yields:

raPC02 ( ~T~hPs F.V-iflSTp TPc h (50)
-at I +=iCS TsPhP = VCO2 ,met,STP 5,

t)T TS PCh VCh S )h

where F = (1-f) is the scrubber efficiency factor. Equation (50) is identical to Eq. (17), with
1 C02,in,STP = 0 and "VexSTp replaced by F . 'rý,,,STP. With constant F. Vvi-,sTP and Pch, the solution of

this equation is consequently obtained as before:

PchVCO2 ',etSTP [1-e-kt+ Pgo0 e-k with k= ThPs F. (51.a)
F " .vin,STP TSpchVch

and

PCs2 (t) PsTCo,,we,STeP [-ekAt I+ Po' e-kAt, with k,4 F " Vin (51.b)

P t TS "F Vch

where Eq. (51 .a) is for use when the scrubber ventilation is expressed at STP, and Eq. (51 .b) is for
use when the scrubber ventilation is expressed at actual chamber temperature and pressure.

Note that maintenance of the constant Pch required by this equation requires a constant 02 bleed into
the chamber at standard rate equal to J<OJmet,STP , while with constant F . Vvin,STP, VCO2,scrub,STP varies

with the chamber CO2 mole fraction.

Similar to the situation in a continuously ventilated chamber, the Pco2 in a continuously scrubbed

chamber approaches a steady-state value given by the respective solutions of Eq. (51 .a) and Eq.
(51.b) at t = o-:

H =PcPh VCO,met,STP (52.a)
F .JVn,STP

= PSTchVCO2,metSTP (52.b)

Ts '
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where F . flv,STP > VCO2,met ,STP . The minimum scrubber ventilation x efficiency factor product

stipulated by Eqs. (52.a) and (52.b) satisfies both physiological and constant Pch requirements at the
required chamber input bleed of 100% 02 (see Section 3.3).

The half-time tv,112 for approach to the steady state given by Eqs. (52.a) and (52.b) is (see

Section 3.2):

ln(2) 0.693. TsIPhVch (53.a)

tV'k/2 = TChPS F" -Vin,',STP

= In(2)•= 0 .6 9 3 -ch (53.b)
kA F. -Tvin

3. SUPPLEMENTAL MATERIAL

3.1. Derivation of Equation (19), Solution of the Differential Equation y'+ky = c

The present theory of CO2 accumulation in ventilated or C0 2-scrubbed systems is based on the
solution of a simple first-order differential equation y'+ky = c, where y is a function of t (y y(t)

y'=- dy/dt, and k and c are constants. This solution is a standard problem in first courses in
differential equations,2 but is presented here for completeness.

We start by multiplying both sides of the equation by the integrating factor ekt to obtain

ekt (y'+ky) = cek, (3.1)

which simplifies to

(yekt ) = cekt. (3.2)

Equation (3.2) is integrated to obtain

t

yet =Jcedx + C, (3.3)

where C is an integration constant, the value of which is governed by the initial conditions for the
problem. Eq. (3.3) is rearranged, and the integral is evaluated to obtain

13



y = ce-kt JekxdX + ce-k k Ce~ (3.4)k

and

ce-kt (e kt -11
y = - + Ce-. (3.5)

k

Eq. (3.5) is rearranged to obtain our final result:

y = - + Ce-kt. (3.6)

k

3.2. Ventilation Half-Time Derivation

Continuous chamber or CO 2 scrubber ventilation started at t 0 with initial chamber Pco, equal to

Pco2 (t,) causes a maximum chamber Pco2 change equal to Pco, (t-) - Pco, (t,) at t t- The fraction
q of this total response attained in period tq beginning at to is

z 1 -e-k(t°t+tq) + p Oct )-k(to+tq) l kto ]_ p . e-kt o
Pco2 (to+)tq- Pco, (t ZII e + e 1  -4i C e o

q= -kt- + O e-t 1-kt -I o S(3.7)

where z a Pch {VO,met.STP + VCO2,in,s'P I for the ventilated chamber, and
1vex ,STP

z - PchVCO2,metSTP for the scrubbed chamber.
F -Jrvin, STP

In general, 0_• q •1, but q has lower bounds > 0 with the present definitions of Z.

Equation (3.7) is solved for tq to obtain the time required to attain fraction q of the total remaining
response at t = to:

z ieko e-kq]+Poekto ektq- Z [I- ekto I C-p0 2 ekto

Z-Z[I-e--o CP02e-kt

14



- eq= q

Z _ q ~ = e-kt Z_ Caqkt -t

ktq =Iln(-q)

tq =-ln(1-q) -lnQ (3.8)
k k

where Q = 1- q is the fraction of the to -- too response remaining at the end of the tq period, to + tq.

For the half-time, the time required to attain one-half of the remaining response at t = to, q = 2 and

-W •(0.5) = In2
k k (3.9)

Values of q, Q, and -ln(Q) for various multiples of t, 2 are given in Table 1.

Table 1.
Values of q, Q, and -ln(Q) for various multiples of t, 2

response remaining response
# half-times fraction at t, fraction at t,

(tV 112) q Q Q, % -In(Q)
0 0.000 1.000 100.000 0.000
1 0.500 0.500 50.000 0.693
2 0.750 0.250 25.000 1.386
3 0.875 0.125 12.500 2.079
4 0.938 0.063 6.250 2.773
5 0.969 0.031 3.125 3.466
6 0.984 0.016 1.563 4.159
7 0.992 0.008 0.781 4.852
8 0.996 0.004 0.391 5.545
9 0.998 0.002 0.195 6.238
10 0.999 0.001 0.098 6.931
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3.3. Consequences of Constant Pch and %ýco2,met Assumptions

Present analytic solutions to the equations for Pc2 (t) in ventilated and C0 2-scrubbed chambers

[Eqs. (22.a) and (22.b) and Eqs. (5l.a) and (51.b), respectively] and all dependent results require
constant chamber pressure, Ph, and a constant rate of metabolic CO2 production by the chamber
occupants, VCO2 ,met. We here consider minimum chamber input, chamber exhaust, and CO 2 scrubber

ventilation rates required to meet these assumptions, regardless of whether the chamber is
considered "ventilated," because these minimum rates preclude consideration of cases that
otherwise yield undefined or nonsensical results [e.g., Pco2 (t) > P,, in Eqs. (22.a) and (22.b) and in

Eqs. (51.a) and (51.b)].

Equation (1) is solved for Ph, and then differentiated with respect to time at constant chamber
temperature, to obtain

aPch) RTch ((anT (3.10)--D t ) c, Voh at Troh
With[--T)'- c h =0 an

With a td J h,IaT Jat d' =ch fl T , where each summation is over the all

gas species g in the mix comprising nT, mass balance requires that

RTch flT,in +Efig,met +Eflg,scrub} -Ch lT,out, (3.11)

where Iiig,met is the sum of changes in the chamber gas content due to the metabolic activity of

the chamber occupants, and iag,screb is the sum of changes in the chamber gas content due to the

action of a CO2 scrubber. Equation (1) for the molar amounts of chamber input and exhaust gases is
differentiated at constant temperature and pressure to obtain, respectively:

•T Pi.n =- R.. in aivn,,, (3.12)
n T'n=Rch •, at j, =Rrch

and

Tout Pex (aT,ex Pex 'vex, (3.13)
RTch t RTch
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where P1 n and P,, are the respective pressures of the input and exhaust ventilation flows. If the input
and exhaust ventilation rates are expressed at chamber pressure, then Pi, = P, = Pch and Eqs. (3.12)

and (3.13) are substituted into Eq.(3.1 1) to obtain

TvinPch + RTch Yfg,met + Y fAg,scrub} = VvexPch. (3.14)

If the chamber humidity is assumed to be constant, fig,met = 0 for all gases except 02 and CO2. For

02, we have

Pch 02,met (3.15)
no 2,met = RTch

and for C0 2,

Pch VO2,'met RQO(.6

nCo2,met -= RT (3.16)

where we have invoked the definition of the respiratory quotient, RQ VýCO 2 ,met/Vo2 ,met. Equations

(3.15) and (3.16) are substituted into Eq. (3.14) to obtain

Vvin + V02,met(RQ-1)+ R~ch h•filg,scrub = ývex. (3.17)

Input and exhaust ventilation rates, as well as any CO2 scrubbing rate, must satisfy Eq. (3.17) to
maintain constant Ph.

No CO2 Scrubbing

With no scrubbing, the absolute minimum ventilation rates required to keep Pch constant are

obtained by rearranging Eq. (3.17) with E Aig,scrub = 0:

JVjn =VýO2 ,met(1-RQ), with RQ < 1 and ývex =0, (3.18.a)

or

f~Vex = Vo2.met (RQ - 1), with RQ _ 1 and Vý,v, = 0. (3.18.b)

Because 'Kvi• < Vome in either case, the absolute minimum ventilations cannot indefinitely sustain

any specified '402,met, and the constant VCO2 ,met assumption must ultimately be violated. This

17



violation must be avoided to consider the solutions of Eqs. (22.a) and (22.b) and Eqs. (51 .a) and
(51.b) at t = 0 [see Eqs. (24.a) and (24.b) and Eqs. (52.a) and (52.b)]. Thus, indefinite maintenance
of any specified Vo2,met requires a minimum input ventilation of 100% 02 at a rate equal to 0 2 ,met.

This minimum input, however, exceeds the minimum Jý,j in either Eq. (3.18.a) or Eq. (3.18.b), so

we then have the requirement that r;.. > 0 to keep Ph constant. Under these circumstances, Eq.
(3.17) becomes

rvex = ro02 ,met +o. 2 ,met (RQ -1), (3.19)

which reduces to

T .vex = O2,met. RQO=Co2 ,met, with 1vn(1000%O2) :0O2 ,met. (3.20)

CO2 Scrubbing

The absolute minimum scrubber ventilation rate required to keep Ph constant in a scrubbed
chamber is obtained from Eq. (3.17) with =,,ex 0 and 'vi,, (100% 02) = ýO,,met to indefinitely sustain

any assumed JýO2,met" Under these conditions, Eq. (3.17) reduces to

V0 2 ,metRQ- F. (-ch), (3.21)

RTc

where the definition of Rch yg,,cb from Eqs. (48) and (49) has been substituted. Equation (3.21)
Pch gscb

is solved for )vin,scr to obtain

fvin,scr = PchVO2,metRQ = PchVCo 2,met , with VvinJ(l OO% O 2) = 0 2 ,met. (3.22)
F. PCo2  F . PCO2

The absolute minimum scrubber ventilation rate, Jkin,scr = VCO2,met IF, occurs in the worst case,

where Pco2 = Pch. Greater scrubber ventilation rates drive the chamber Pco2 downward toward the

steady-state value given by Eq. (52.a) or Eq. (52.b). Note that chamber input ventilation rates
greater than "Oz,met require that 'e > 0. The chamber is then both scrubbed and ventilated, and Eqs.

(51 .a) and (51 .b) no longer hold. Consideration of these combined conditions is beyond our present
scope.
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4. SUMMARY

Analytic expressions have been derived to compute the value of the atmospheric Pco2 in well-

mixed, constant-volume manned diving systems during various operational conditions at a constant
temperature Tch.

Equation (13) gives the system Pco2 at any time t in a no-ventilation period between t 0 and t = t,,

with initial Pco, = •o
C02

If the diving system remains at constant pressure Pch, Eq. (22.a) or Eq. (22.b) gives the system Pco2

at any time t in a continuous ventilation period between t = 0 and t = t, with initial Pco2 = po

During such a ventilation period, the system asymptotically approaches a steady-state PCo 2 given

by Eq. (24.a) or Eq. (24.b), with half-time given by Eq. (25.a) or Eq. (25.b).

Intermittent ventilation with constant no-ventilation and ventilation times at constant system
pressure causes system PCo2 to oscillate between maximum and minimum values in successive no-

ventilation - ventilation cycles. Over time, these maxima and minima asymptotically approach
steady-state values, with maximum system Pco2 given by Eq. (45.a) or Eq. (45.b) and minimum

system Pco2 given by Eq. (41). The no-ventilation time required to sustain a given maximum

system Pco2 at given ventilation time and VCO2,metSTP is given by Eq. (46.a) or Eq. (46.b).

If the diving system remains at a constant pressure Pch while CO2 is continuously scrubbed from the
system atmosphere, Eq. (51 .a) or Eq. (51 .b) gives the system Pco2 at any time t in a continuous

ventilation period between t = 0 and t = t, with an initial Pco2 = Pco2 . During such a scrubbing

period, the system Pco2 asymptotically approaches a steady state value given by Eq. (52.a) or Eq.

(52.b), with half-time given by Eq. (53.a) or Eq. (53.b).
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